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Abstract 

For a space X acted by a finite group F, the product space X" affords 
a natural action of the wreath product F„ = F" x 5„. Tlie direct sum of 
equivariant i^-groups 0„>o ^r„ (X"^)(8>C were shown earlier by the author to 
carry several interesting algebraic structures. In this paper we study the K- 
groups K~ (X") of F„-equivariant Clifford supermodules on X". We show 

that {X) = 0„>o ("'^") ^8 C is a Hopf algebra and it is isomorphic 
to the Fock space of a twisted Heisenberg algebra. Twisted vertex operators 
make a natural appearance. The algebraic structures on J^]T(X) , when F is 
trivial and X is a point, specialize to those on a ring of symmetric functions 
with the Schur Q-functions as a linear basis. As a by-product, we present a 
novel construction of ET-theory operations using the spin representations of 
the hyperoctahedral groups. 
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1 Introduction 

Motivated in part by Vafa-Witten [VWl] and generalizing the work of Segal [Seg2] 
(also cf. Grojnowski [Gr]), we studied in [Wl] a direct sum, denoted by J^r{X), 
of the equivariant i^-groups ®„>oi^^r„(-'^") 'S> C associated to a topological F-space 
X. Here F is a finite group and the wreath product F„ (i.e. the semi-direct 
product F" X Sn) acts naturally on the nth Cartisian product X". We proved 
that the space ^r(-^) carries several remarkable algebraic structures such as Hopf 
algebra and Fock representation of a Heisenberg (super) algebra etc, and that vertex 
operators makes a natural appearance as a part of A-ring structure. We in addition 
pointed out in [Wl] a new approach to the realization of the Frenkel-Kac-Segal 
homogeneous vertex representations of affine Lie algebras by using representation 
rings of the wreath product F„ associated to a finite subgroup F of SL2{C). This 
has been subsequently completed in [FJWl] jointly with L Prenkel and Jing, and 
further extended in [FJW2] to realize vertex representations of twisted affine and 
toroidal Lie algebras by using the spin representation rings of a double cover r„ of 
the wreath product F„. 

In this paper we will introduce a variant of equivariant A'-theory. Given a 
topological space X acted upon by a finite supergroup G in an appropriate sense, 
we introduce a category of complex G-equivariant s|?m vector superhundles over X, 
and consider the corresponding Grothendieck group Kq{X). The superscript — 
here and below is used in this paper to stand for spin, i.e. a certain central element 
z in the supergroup G acts as —1. This i^-group can be thought as an invariant of 
orbifolds with (certain distinguished) discrete torsion as introduced by Vafa [Va]. 
Discrete torsion has been a topic of interest from various viewpoints since then, 
cf. [VW2, Di, AR, Ru, Sh] and the references therein. We present here a variant 
of the decomposition theorem of Adem and Ruan [AR] for what they call twisted 
equivariant A-theory, which generalizes the decomposition theorem [BC, Ku] (also 
cf. [AS, HKRj) in equivariant A-theory. 

Our formulation of such A-groups is motivated by providing a general frame- 
work for the main subject of study in this paper, namely a spin/twisted version of 
the space jFr(A) studied in [Wl]. When the topological space under consideration 
is a point, our A-theory specializes to the theory of supermodules of finite super- 
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groups, cf. Jozefiak [Jol]. (In this paper super always means T2-graded). Such a 
theory of supermodules has provided, in our opinion, a most natural framework 
(cf. [Jo]) for the exposition of the spin representations of a double cover Sn of 
the symmetric group initiated by Schur [Sc]. The spin representation theory of 
a double cover i7„ of the hyperoctahedral group, being almost parallel to and to 
some extent simpler than the spin representation theory for Sn, can also be treated 
successfully in terms of supermodules (cf. [Jo2]). 

Given a space X acted by a (non-graded) finite group F, we obtain our main 
example of such X-group K~ (X") by considering the action on the n-th Carte- 
sian product X" by the wreath product J!^„ which is^rther extended trivially to 
the action of a larger finite supergroup HVn- Here HTn is a double cover of the 
wreath product (F x Z2)" x Sn- (We recommend that the reader sets F to be the 
one-element group in their first reading so that the whole picture becomes simpler 
and more transparent. In this case HTn reduces to a double cover H^, of the Hy- 
peroctahedral group.) The category of iJF^-equivariant spin vector superbundles 
over admits an equivalent reformulation which has a perhaps better geometric 
meaning. Namely this is the category of F„-equivariant vector bundles E over X^ 
such that E carries a supermodule structure with respect to the complex Clifford 
algebra of rank n which is compatible with the action of F„. 

A fundamental example of if r„- vector superbundles over X", which plays an 
important role in this paper, is given as follows for X compact. Given a F-vector 
bundle V over X, we consider the vector superbundlc F|V^ = F © F over X with 
the natural Z2-grading. We can endow the nth outer tensor (y|y)^" a natural 
i7F„-equivariant vector superbundle structure over X". 

We will show that the direct sum 

00 

^t{X):=^K-^ (X")(g)C 

n=0 

carries naturally a Hopf algebra structure and it is isomorphic to the Fock space 
of a twisted Heisenberg superalgebra associated to -^-p {X) = Ky{X). All the 
algebraic structures are constructed in terms of natural K-theory maps. In par- 
ticular the dimension of K~ (X") is determined explicitly for all n. We remark 
that such a twisted Heisenberg algebra has played an important role in the theory 
of affine Kac-Moody algebras, cf. [FLM]. Roughly speaking, the structure of the 
space jFp(X) studied in [Seg2, Wl] is modeled on the ring Ac of symmetric func- 
tions with a basis given by Schur functions (or equivalently on the direct sum of 
representation rings of symmetric groups Sn for all n) . The structure of the space 
(X) under consideration of this paper is shown to be modeled instead on the 
ring f^c of symmetric functions with a linear basis given by the so-called Schur 
Q-functions (or equivalently on the direct sum of the spin representation ring of 
Hn for all n). It is well known that the graded dimension of the ring Vtc is given 
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by the generating function 

n.^o(l - Q''-') V{q) ' 

where r){q) is the Dedekind r] function. 

Just as the A ring is modeled on the ring Ac of symmetric functions (cf. e.g. 
[Kn]), one can introduce a Q-X ring^ structure modeled on the ring flc with Adams 
operations of odd degrees only. We show that as a part of the Q-X ring structure 
on !Ff{X) twisted vertex operators naturally appear in jFj7(X) via the n-th outer 
tensor (\/|\/)^" associated to y G Ky{X) in terms of the Adams operations. 

It is of independent interest to sec that when wc restrict K~ (X") from X" to 

its diagonal we are able to obtain various i^-theory operations on K{X), including 
supersymmetric power operations and Adams operations of odd degrees, by means 
of the spin supermodules of This is a super analog of Atiyah's construction [At] 
of X-theory operations on K{X) by means of the representations of the symmetric 
groups. 

Motivated by Gottsche's formula, Vafa and Wittcn [VWl] conjectured that the 
direct sum 7^(5*) of homology groups for Hilbert schemes of n points on a 
(quasi-)projective surface S should carry the structure of a Fock space of a Heisen- 
berg algebra, which was realized subsequently in a geometric way by Nakajima 
and Grojnowski (cf. [Na, Gr]). Parallel algebraic structures such as Hopf alge- 
bra, vertex operators, and Heisenbcrg algebra as part of vertex algebra structures 
[Bo, FLM], have naturally showed up in H{S) as well as in jFr(X). When 5 is a 
suitable resolution of singularities of an orbifold X/F, there appears close connec- 
tions between 7^(5') and JFr(X), cf. [W2, W3] and the references therein. It will 
be very important to see if one can find a 'Hilbert scheme' version of the orbifold 
picture drawn in this paper. It is also interesting to see if our current work can find 
some applications in string theory, cf. [VWl, VW2, Di, Sh]. In fact the special case 
of our construction for F trivial is closely related to an earlier paper of Dijkgraaf 
[Di] . See the Appendix. 

When X is a point, the K-group {^^) becomes the Grothendieck group 

of spin supermodules of HTn- In a companionj)aper [JW] joint with Jing, the 
conjugacy classes and Grothendieck groups of HTn have been studied in detail. 
In particular, when F is a subgroup of S'L2(C), they are used to realize vertex 
representations of twisted affine algebras (cf. [FLM]) and toroidal Lie algebras. 
This provides a new group theoretic construction, a somewhat improved version 
in our opinion than the one in [FJW2] using the groups F„, of twisted vertex 
representations. In the Appendix, we sketch another formulation of our main 
results in this paper using the groups Sn and F„ instead of i7„ and i?F„. 



-"^Here Q stands for Queer or Schur Q- functions. Wc believe that there exists a rich Q- 
mathematical world which is relevant to various twisted, spin, super structures, etc. 
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The plan of this paper is as follows. In Sect. 2 we present the spin representation 
rings of the finite supergroup HTn. In Sect. 3 we introduce the category and K- 
groups of spin vector superbundles which are equivariant with respect to finite 
supergroups and present a decomposition theorem for such equivariant X-groups. 
In Sect. 4 we study X-theory operations based on the spin representations of 
The results in this section are not to be further used in this paper. In Sect. 5, 
which is the heart of the paper, we present the structures of a Hopf algebra and 
of a Q-X ring on J^f{X), and relate the latter to the twisted vertex operators. We 
further construct a Heisenberg algebra which acts on (X) irreducibly by means 
of natural 7^-theory maps. In the Appendix, we outline a somewhat different 
construction in terms of the group r„. 

2 The group HTn and its spin supermodules 

In this section we recall briefiy some essential points in the theory of supermodules 
of a finite supergroup (cf. [Jol]). We define the finite supergroup HTn associated 
to any finite group F, and study its conjugacy classes and spin supermodules. More 
detail of these can be found in [JW]. 

2.1 Definition of the supergroup HTn 

Let G be a finite group and let o? : G — > Z2 be a group epimorphism. We denote 
by Go the kernel oiji which is a subgroup of G of index 2. We regard d{-) as a 
parity function on G by letting the degree of elements in Go be and the degree 
of elements in the complementary Gi = G\Go be 1. Elements in Gq (rcsp. Gi) 
will be called even (resp. odd). We will often refer to the pair (G, d), or simply G 
when there is no ambiguity, as a finite supergroup. The class of finite supergroups 
under consideration in this paper has an additional property: it contains a dis- 
tinguished even central element z of order 2. We denote by 9 the quotient group 
homomorphism G ^ G = G/ {1, z) . 

In this paper the modules over a finite supergroup or a superalgebra (such 
as the group superalgebra of a finite supergroup) will always be Z2-graded (i.e. 
supermodules) unless otherwise specified. A general theory of supermodules over 
finite supergroups was developed by Jozefiak [Jol] . This was motivated to provide 
a modern account [Jo] of Schur's seminal work on spin representations of symmetric 
groups [Sc]. 

Given two supermodules M = Mq + Mi and N = Nq + Ni over a superalgebra 
A — Aq + Ai, the hnear map f : M ^ N between two A-supermodules is a 
homomorphism of degree i if f{Mj) C Mj+j and for any homogeneous element 
a & A and any homogeneous vector m e M we have 



/(am) = (-l)'^(^)^(")a/(m). 
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The degree (resp. 1) part of a superspace is referred to as the even (resp. odd) 
part. We denote 

HomA(M, N) = HomA(M, N\ HomA(M, A^)i, 

where Hom^(M, A'^)^ consists of A-homomorphisms of degree i from M to N. The 
notions of submodules, tensor product, and irreducibihty etc for supermodules are 
defined similarly. 

Given a finite supergroup G, a G-supcrmodule V is called spin if the central 
element z acts as —1. Alternatively, one can associate a 2-cocycle a : GxG ^ Z2 = 
{±1}, such that V becomes a projective supermodule of the group G — G/{l,z) 
associated with a, namely, the actions of any two elements g,h & G on V, denoted 
by p{g),p{h), satisfy the relation 

P{9)p{h) = a{g,h)p{gh). (1) 

Among all G-supermodules, we will only consider the spin supermodules in this 
paper. It is clear that the restriction (resp. the induction) of a spin supermodule 
to a Z2-graded subgroup (resp. a larger supergroup) with the same distinguished 
even element z remains to be a spin supermodule. 

There are two types of complex simple superalgebras according to C.T.C. Wall: 
M{r\s) and Q{n). Here M{r\s) is the superalgebra consisting of the linear trans- 
formations of the superspace C'^''^ = C + C. The superalgebra Q{n) is the graded 
subalgebra of M{n\n) consisting of matrices of the form 

' A B' 
B A • 

It is known [Jol] that the group (super) algebra of a finite supergroup is semisim- 
ple, i.e. decomposes into a direct sum of simple superalgebras. According to the 
classification of simple superalgebras above, the irreducible supermodules of a fi- 
nite supergroup are divided into two types, type M and type Q. We note that the 
endomorphism algebra of an irreducible supermodule V is isomorphic to C if y is 
of type M and isomorphic to the complex Clifford algebra Ci in one variable if V 
is of type Q. 

Let n„ the group generated by 1, ^, oi, . . . , a„ subject to the relations 

z"^ — 1, of — z and UiUj — zajUi, for i ^ j. 

The symmetric group Sn acts on II^ via permutations of the elements Oi, . . . , i.e. 
a{ai) = acr{i) for a e Sn- We thus form the semi-direct product Hn — ^n^^Sm which 
naturally endows a Z2-grading given by the parity d{ai) — 1, d{z) — 0, and d{a) — 
for a G Sn- We may therefore regard Hn as a finite supergroup with a distinguished 
even central element. Note that the group superalgebra C[i7„]/(^ = —1) is exactly 
the complex Clifford algebra C„ in n variables. 
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Let r be a finite group with r + l conjugacy classes. We denote by F* = {7j}^'=o 
the set of complex irreducible characters where 70 denotes the trivial character, 
and by the set of conjugacy classes. Let -R(F) = (Bl^oC'ji be the space of class 
functions on F, and set -Rz(F) = ®[^o^7j- c e F* let Cc be the order of the 
centralizer of an element in the conjugacy class c, so the order of the class is then 

|r|/Cc. 

Given a positive integer n. let F" = F x ■ ■ ■ x F be the n-th direct product of F, 
and let F° be the trivial group. The symmetric group Sn naturally acts on F" x 
by simultaneous permutations of elements in F" and n„. 

The finite supergroup iJF„ is then defined to be the semi-direct product of the 
symmetric group Sn and F" x n„, with the multiplication given by 

{g, a) ■ (/i, r) = {g a{h), cxr), 51, /i G F" x a, r G S^- 

The order of ifF„ is clearly 2"+^n!|F|". The Z2-grading on iJF„ is induced from 

that on n„ and by letting the elements in F"^ be even (i.e. of degree 0). Denoting 
by HTn = (F X x Sn, we have the following exact sequence of groups: 

1 ^ Z2 = {1,4 ^ HTn ^ HTn ^ 1. 

It is clear that when F is trivial HVn reduces to a double cover if„ of the hyper- 
octahedral group 

The finite supergroup HTn contains n„, Hn and the wreath product F„ = 
F" X Sn as distinguished subgroups. Letting F" act trivially on n„ we extend the 
action of the symmetric group Sn to F„ on n„. In this way we may also view HTn 
as a semi-direct product between F„ and n„. 

2.2 Conjugacy classes of HVn 

Let G be a finite supergroup and put G = G/{1, z) and : G ^ G as before. For 
any conjugacy class C of G, 9^^{G) is either a conjugacy class of G or it splits 
into two conjugacy classes of G, cf. [Jol]. If 9~^{C) splits, the conjugacy class 
C will be referred to as split, and an element gf in G is also called split, which is 
equivalent to say that the two preimages of g under 9 are not conjugate to each 
other. Otherwise g is said to be non-split. In view of (1), we have the following 
easy equivalent formulation. 

Lemma 2.1 An element g in G — Gj (1, z) is split if and only if 

£g(-) := a{g,-)a{-,g)-'^ 
defines a trivial character of the centralizer group Zci^g)- 
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For the study of spin supermodules of HTn, it is crucial to have a detailed 
description of split conjugacy classes of G. Indeed the characters of spin super- 
modules vanish on non-split conjugacy classes well as on odd split classes, cf. 
[Jol]. Below we will concentrate on the group i?r„. 

Let A = (Ai, A2, ■ ■ ■ , A;) be a partition of integer |A| = Ai + ■ • ■ + A^, where 
Ai > . . . > A; > 1. The integer / is called the length of the partition A and is 
denoted by /(A). We will also make use of another notation for partitions: 

A = (l'"i2"^2---), 

where is the number of parts in A equal to i. A partition A is strict if its parts 
are distinct integers, namely all the multiplicities rrii are 1 or 0. Given a partition 
A = (i"^i2"^2 . . .) of n, we define 

i>l 

We note that zx is the order of the centrahzer of an element of cycle- type A in 

For a finite set X and p — {p{x))xex a family of partitions indexed by X, we 
write 

IHI = Elp(^)l- 

xex 

It is convenient to regard p — {p{x))xGX as a partition- valued function on X. We 

denote by V{X) the set of all partitions indexed by X and by Vn{X) the set of 
all partitions in V{X) such that = n. The total number of parts, denoted by 
Kp) ~ J2xKPi^))' called the length of p. Let OV{X) be the set of partition- 
valued functions {p{x))x£x in 'Pi^) such that all parts of the partitions p{x) are 
odd integers, and let SV{X) be the set of partition- valued functions p e V{X) 
such that each partition p(x) is strict. It is clear that \OVn{X)\ = \SVn{X)\. 
When X consists of a single element, we will omit X and simply write V for V{X), 
thus OV or SV will be used similarly. 
We denote by 

V+iX) ={\eVniX)\ /(p) = 0mod2}, 
V-{X) ^{XeVn{X)\ Z(p) = lmod2}, 

and define SV^{X) = V^(X) n SVn(X) for i = 0, 1. 

The conjugacy classes of a wreath product is well understood, cf. [M]. In 
particular this gives us the following description of conjugacy classes of the wreath 
product HTn = (F x Z2)" x S^. _ 

Let X — {g, a) be an element in a conjugacy class of i?F„, where g — {gi, - ■ ■ , gn) 
and gi — {ai^Si) e F x Z2. We take the convention here that Z2 = {±1}- 
For each cycle y = {1112 ■ ■ - ik) in the permutation a consider the element ay = 
o^ik'^ik-i ■ ■ ■<^n £ r and Sy = eif,ei^^_^ • • - Sii (which is ±1) corresponding to the cy- 
cle y. For each c G F*, e = ± and r > 1, let m^(c) be the number of r-cycles in the 
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permutation a such that the cycle product Uy he in the conjugacy class c and Ey 
equals e ■ 1. Then c — >■ Pe{c) = (l™i('=)2"^2(c) . . defines a partition-valued function 
on r* for each e. The partition-valued function = {ps{c))c^r^, G V{T^) is called 
the e-type of x. Denote by V(r^)'^ the set of pairs of partition-valued functions 
p = {p'^,p~) such that Hp"*"!! + = n. The pair p — {p'^,p~) is called the type 
of X. One can show that the type only depends on the conjugacy class of x in HTn 
and the conjugacy classes in HTn are parameterized by the types p G P(r^,)^. We 
will also say that the conjugacy class containing x has conjugacy type p and is 
denoted by Cp if x is of type p. 

Denote by Dp — 9~^{Cp). The following is established in [JW], Theorem 2.1. 

Theorem 2.1 For p = {p'^,p~) G P(r*)^, Dp splits into two conjugacy classes in 
HTn 'if o-T^d only if: 

(1) for Dp is even we have p+ G OVn{^*) o-nd p" — 0; 

(2) for Dp is odd we have p"^ = and p~ G SV^^T^. 

Thus, the set {HTn)%^ of even split conjugacy classes in HTn is in one-to-one 
correspondence with the set CP„(r^). 

2.3 Spin supermodules over HVn 

The number of irreducible spin supermodules of HTn equals the number of even 
split conjugacy classes in HTn-, by a general theorem in the supermodule the- 
ory of finite supergroups [Jol]. The next proposition follows from the equality 

|5:p„(r,)| = |c»:p„(r,)|. 

Proposition 2.1 The number of irreducible spin supermodules of HTn is equal to 
the number \SVn(r*)\ of strict partition-valued functions on F*. 

We denote by i?^(/7r„) (resp. R^{HTn)) the C-span (resp. Z-span) of the 
characters of irreducible spin supermodules of HTn- Let 

oo 

Rr^®R-{HTn). 

n=0 

When r is trivial, we will simply drop the subscript T and write 

oo 

R-^®R-{Hn). 
n=0 

For example, when T is trivial and thus HTn reduces to Hn, the irreducible 
spin supermodules of Hn are parameterized by strict partitions of n (cf. [Ser] and 
[Jo2]). For strict partitions A and p of n, let and T'^ denote the corresponding 
irreducible spin supermodules over Hn- We have 
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dimHom5jT\T^) = 5a^2^«^», (2) 

where the number 6{1{X)) is for /(A) even and 1 otherwise. That is, the super- 
module is of type M (resp. type Q) if and onlj^if /(A) is even (resp. odd). 

A most distinguished example of irreducible if^-supermodule is the so-called 
basic spin supermodule Ln constructed as follows (cf. [Jo2, JW]). As a supcrspace 
Ln is isomorphic to the group superalgebra C[n„]/(2; = —1) (i.e. the Clifford 
algebra in n variables). Denote by yi G L„ the image of a.^ G n„. Then yj = 
Yiiei Vi-i^ {!)•••) form a linear basis of L„. The action of on L„ is given 

by 

= yjVi (i = 1, ■ ■ ■ , cryi = ys{i), s e s^. 

Indeed L„ is exactly the ifn-supermodule T^") associated to the one-part partition 
(n). If we denote by the character of Ln, then the character value of is 2'*^'') 
on a conjugacy class of type p = (p+, 0), where p"*" G OVniX*)- 
For each partition- valued function p = (p(c))cer, we define 

cer* 

which is the order of the centralizer of an element in HTn of conjugacy type p = 
{p{c)Ur, (see [JW]). 

For a fixed c G F*, we denote by (n G 2Z+-I-1) the even split conjugacy class in 
HFn of the type (p+, 0), where the partition- valued function p+ takes value the one- 
part partition (n) at^G F* and zero elsewhere. We denote by cr„(c) G R~{HVn) 
the class function of HVn which takes value n^c at the conjugacy class c„ (c G F*) 
and zero otherwise. For p = {mr{c)}c,r ^ OVniX*), we define 

cGG.,r>l 

and regard it as the class function on HVn which takes value Zp at the conjugacy 
class D'^ and elsewhere. Then it follows that (cf. [Ser, Jo2]) 

r= E s'^^^^p-V". (3) 

pee»Pn(r*) 

Finally we define the analog for i?F„ of Young subgroups of the symmetric 
groups. Let ifF„xifF^ be the direct product of ifF„ and HV^ with a twisted 
multiplication 

{t,t')-{s,s')^{tsz''^''^''^'\t's'), 

where s,t G HTn,s',t' G HT^. We define the spin product of HTn and HTj^ by 
letting 

HYnXHTm = HTnXHrJiil, 1), {z, z)}. (4) 
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which carries a canonical Z2-grading and can be regarded as a subgroup of the 
supergroup HTn^m in a natural way. 

For two spin supermodules U and V of r„ and iJF^ we define a HT^ x 
spin supermodule on the tensor product U (S)V by letting 

{t, s)-{u®v) = (-l)'='(^)'^W(tM sv). 

This induces an isomorphism 0^^^ from i?~(ifF„) (g) R''{HT^) to R~{HTny~HTjn)- 
The space i?f carries a (commutative associative) multiplication which is de- 
fined by the composition (for all n, m) 

R-(HT^)t^R-(HT^) ^ R-{HT^kHT^) R-{HV^+^). 

3 A decomposition theorem in equivariant K- 
theory 

In this section we introduce a variant of equivariant i^-theory for a finite su- 
pergroup. We recall a decomposition theorem in the equivariant X-theory from 
[BC, Ku, AS, HKR], and present a generalization of it in our new setup. 

3.1 The standard version 

Given a (non-graded) finite group F and a compact Hausdorff F-space X, we recall 
[Segl] that K^{X) is the Grothendieck group of G-vector bundles over X. One 
can define K}^{X) in terms of the functor and a certain suspension operation, 
and one puts 

Kr{X) = Kl{X)^Kl{X). 

In this paper we will be only concerned about Ky{X) ® C, and subsequently we 
will denote 

K^{X) = Kr{X)^C. 

We denote by dimfCf (X)(i = 0, 1) the dimension of fCp(X) ® C. 

If X is locally compact, Hausdorff and paracompact F-space, take the one-point 
compactification X+ with the extra point oo fixed by F. Then we define Ky{X) 
to be the kernel of the map 

X°(X+) K'^{{^}) 

induced by the inclusion map {oo} ^ This definition is equivalent to the 

earlier one when X is compact. We also define Ky{X) = K^{X~^). 

Note that Kr{pt) is isomorphic to the Grothendieck ring i?z(F) and (pt) is 
isomorphic to the ring R{T) of class functions on F. 
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Let denote the fixed-point set hy g gT, which is preserved under the action 
of the centraiizer Zr{g)- The foiiowing decomposition theorem (cf. [BC, Ku, AS, 
HKR]) gives a description of each direct summand over conjugacy classes of P. We 
remark that the subspace of invariants jg isomorphic to K_{X^/Zr{g)), 

and it is isomorphic for different choice of g in the same conjugacy class [g] e F*. 

Theorem 3.1 There is a natural 1,2- graded isomorphism 

(f) : ^r(^) — ' KiX^'f''^'^ . 
[fl]er, 

3.2 A super /twisted variant 

Now let G be a finite supergroup which contains a distinguished central element z 
of order 2, and let 6 be the quotient homomorphism G ^ G — G/{l,z). 

Let X be a compact (non-graded) G-space. We may regard X as a G-space by 
letting g E G act by 9{g) e G. We denote by C~{X) the category whose objects 

consist of G-equivariant complex vector superbundle (i.e. Z2-graded bundles) E = 
Eq+Ei (often denoted by Eo\Ei) over X on which G acts in a Z2-graded manner and 
z acts as —1. We will call such an object a spin G- vector superbundle. Given two 
objects E, F in the category C~(X), the space of homomorphisms of G-equivariant 
vector superbundles between E and F admits a natural Z2-grading: 

Hom^(E,F) = Hom^(E,F)0Homf(^,F). 

By our definition of finite supergroups, G always contains odd elements. It follows 
that ranki^o = rankE'i thanks to the existence of odd automorphisms from the odd 
elements of G. 

We denote by K~' (X) the Grothendieck group of the abelian monoid of isomor- 
phism classes^ of the vector superbundles in C~{X). As in the ordinary case, we can 
extend the definition of C~{X) to locally compact spaces, and define Kq''^{X) to 
be K~'\X X R) where M is the real line. We denote K~(X) = K~'\X) + K~'\X). 

G G G G 

In this paper we will be only concerned about the free part K~ [X] ® C, which 

G 

will be denoted by K~^{X) subsequently. The following theorem, generahzing The- 
orem 3.1, is a variation of Adem-Ruan's construction [AR] for the so-called twisted 
equivariant /C-theory. Recall that the character £g of the centraiizer group Za^g) 
was defined in Lemma 2.1 and Za{g) acts on K_{X^). 

Theorem 3.2 Let G be a finite supergroup which contains a distinguished central 
element z of order 2, and let 9 be the quotient homomorphism G ^ G — G/ {1, z) . 



^The isomorphisms are Z2-graded and isomorphisms of degree 1 are ahowed. 
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Given a locally compact Hausdorff G-space X and regarding it as a G-space, we 
have a natural Z2-graded isomorphism 



where the summation runs over the even conjugacy classes in G. 

Let us indicate briefly how the map is deflned (also compare [AR]). A G- 
equivariant vector superbundle E = Eo\Ei, when restricted to X^, becomes a 
spin (5f)-vector superbundle, where {g) denotes the subgroup of G covering the 
cyclic subgroup (g) of G generated by g. Using Proposition 4.1, we can obtain the 
following isomorphisms of ZG{g)-^odu\es: 



In this way we obtain a map Kj^{X) K{X^) R{{g)) (g) Eg. Composing this 
map with the character evaluation at g gives us a map 



whose image indeed is ZG'(5')-invariant. 

Now we claim that this map is zero when g is odd (thanks to the Z2-grading!) 
and thus the summation above does not involve the odd conjugacy classes. Let 
e G be an odd element. Take an eigenvector vq + Vi oi g in the flber of the 
ungraded subbundle E^ C Eq\Ei, where Vi & Ei{i — 0,1). We see that g.vo — /ivi, 
and g.Vi = fivo. It follows that vq — vi is an eigenvector of g with eigenvalue —fi, 
i.e. Vq — Vi G E'^^. Denote by ^ the isomorphism of E which is the identity 
map when restricted to Eq and negative the identity map when restricted to Ei. 
Clearly j} sends E^^ to E~^^ and vice versa. Thus the map (6) becomes zero since 
^[E^] + {—fj,)[E^^^] — 0. Putting (6) together for all even conjugacy classes, we 
obtain the map (f). 

The rest of the proof of the above theorem is the same as in [AR] which in turn 
follows closely the classical case (cf. [BC, Ku, AS]). 

Below we will single out a certain class of G-space X with a favorable property. 

Definition 3.1 Assume we are in the setup of Theorem 3.2. We say the G-space 
X satisfies a strong vanishing property if for every even non-split conjugacy class 
[g] in G, there exists some element b in Zcig) such that the character Cg of Zcig) 
takes non-trivial value (which has to be -1) and the element b fixes X^ pointwise. 

In view of Lemma 2.1, if the G-space X satisfies the strong vanishing property, 
the isomorphism (5) will simplify to the following isomorphism 




(5) 



(X^) - ir(X^) (g) it:- {{g)) - X(X^) (g) R{{g)) (g) Sg. 



K-^{X)^K{X<^)^eg. 



(6) 
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[9] 

where the summation runs over all even split conjugacy classes in G. 

When X is a point the isomorphism becomes the map from a spin super- 
module of G to its character. As is known [Jol, Jo2], the character of a spin su- 
permodule vanishes on odd conjugacy classes as well on even non-split conjugacy 
classes. In our terminology, the one-point space for any G automatically satisfies 
the strong vanishing property. We shall see that the strong vanishing property 
holds for other non-trivial examples. 

Remcirk 3.1 Theorem 3.2 contains Theorem 3.1 as a special case. Indeed, let 
G — HTi = III X r for some finite group F and let X be a F-space. We have an 
isomorphism 

Kr{X)=K~^^iX), V^V\V. 

On the other hand, we note that Hi is isomorphic to Z4 = {l,a,z = a^,a'^} with 
the Z2-grading given by letting the generator a be of degree 1. The quotient of G 
by {1, 2;} is G = F X Z2. The even conjugacy class in G is given by the conjugacy 
classes inFx{l} = F. Therefore the right-hand side in Theorem 3.2 reduces to 
the right-hand side of Theorem 3.1. 

It is possible to further generalize Theorem 3.2 along the line of [AR]. 

4 The group Hn and /^-theory operations 

In this section, we construct various i^-theory operations based on the finite super- 
group Hn- This is an analog of Atiyah's construction [At] of X-theory operations 
by using the symmetric groups and implicitly Schur duality. The role of Schur 
duahty is replaced here by the Sergeev's generahzation [Ser] of the Schur duality 
involving Hn. 

4.1 The group Hn and a ring of symmetric functions 

Let V he a complex vector space of dimension m. We denote by q{V) the superal- 
gebra of linear transformations on the supcrspace V\V = V + V which preserve an 
odd automorphism P : V\V — > V\V such that = —1. For example, if we take 
V — C^, and P to be given by the 2m x 2m matrix 

"0 / " 
-/ 

then q{V) is the Lie superalgebra which is obtained by the associative superalgebra 
Q{m) (see Section 2) by taking the supercommutators. 
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Let us now consider the natural action of q{V) on V\V. We may form the 
n-fold tensor product on which q{V) acts naturally. In addition wc have 

an action of the finite supergroup Hn- the symmetric group Sn acts on 
by permutations with appropriate signs; acts on by means of exchang- 

ing the parity of i-th copy of via the odd automorphism P of V\V. More 
explicitly, transforms the vector f i ® . . . Vi-i ® f « ® . . . ® in (V^IV^)®'^^ into 
(_1)pK)+-+p(^>-i)^^ . (g, p(^;.) (g) . . . (g) According to Sergeev [Ser], the 

actions of q{m) and Hn (super) commute with each other. Furthermore, one has 



A 

where is the irreducible i^n-supermodule associated to a strict partition A, 
and — Hom^ (T'^, is an irreducible g'(m)-module. The expression 

2-'5('(-^))[/^ (g) above has the following meaning. Suppose that A and B are 
two supergroups or two superalgcbras and suppose that Va and Vb arc irreducible 
supermodules over A and B of type Q, namely, Hom^(V^, Va) and RomsiVB, Vb) 
are both isomorphic to the Clifford superalgebra in one odd variable. It is known 
(cf. e.g. [Jol]) that ® Vb as a module over A <Si B is not irreducible, but 
decomposes into a direct sum of two isomorphic copies (via an odd isomorphism) 
of the same irreducible supcrmodule. In our particular setting when /(A) is odd 
both and are such modules (cf. [Ser]). So in this case we mean to take one 
copy inside their tensor product. 

We introduce (cf. [M]) the symmetric functions Qn in the variables Xi,X2, ■ ■ ■ 
by the formula 

n>0 i 

Denote by fl the subring of symmetric functions generated by qi, q2, qs, ■ ■ ■ , and ^2" 
the subspace spanned by symmetric functions in fl of degree n. Put fic = f2 ®z C 
and — ®z Recall [M] that a linear basis of is given a distinguished 
class of symmetric functions Qx, call the Schur Q-functions, parameterized by strict 
partitions A. Furthermore — C[qi, ^3, q^, ■ ■ ■] where qj. (r odd) are algebraically 
independent. We take the convention that when the set of variables is finite, say 
X = {xi,X2, . . . ,Xm), we set Qx{x) = Qx{xi,X2, ■ . . ,Xm,0,0 ■ ■ ■)■ According to 
Sergeev [Ser], the trace of the diagonal matrix D — diag(xi, . . . , Xm', xi, . . . , Xm) in 
q{m) acting on is 

TrD\U^;,^2^^^Qxix). (7) 

Given a spin i7„-supermodule W, we define 1/F(y) to be the space of H^- 

invariants {W <S){V\V)'^'')''" . It is easy to check that the correspondence V 1— > 
Vr(V^) is functorial on V. In particular, if we take a diagonalizable linear transfor- 
mation I : V ^ V with eigenvalues Xi, . . . , x^, then the eigenvalues of the induced 
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map W{1) = Id]y (E) (/|/)®" : W{V) are monomials in Xi, . . . , Xm of degree 

n. In particular the trace of W{1) is a symmetric polynomial in xi, . . . , of de- 
gree n with integer coefficients. One can argue that this symmetric polynomial (for 
m > n) is the restriction of a unique symmetric function in infinite many variables. 

By definition wc have {Wi®W2){V) = Wi{V)®W2{V). It follows the map- 
ping W I— s> TrW{l) induces a map, denoted by ch, from R~{Hn) to the space of 
symmetric functions of degree n. Note that = Hom^ {W, {V\V)'^"') since 

all the character values of W are real, i.e. W is self-dual. It follows from (7) 
that if we take W to be then ch sends the class function associated with to 
2 2 Qx{x). In this way we have defined a map ch from R — ®nR \Hn) to 
the ring Ac of symmetric functions. 

Remcirk 4.1 It is possible that one can develop this approach coherently to study 
the map ch : R" Ac without referring to the Lie superalgebra qiV) and thus 
essentially independent of the work of Sergeev [Ser], as sketched below. This is a 
super analog of an approach adopted in Knutson [Kn] in the setup of symmetric 
groups. For example, we can start by arguing that the space associated 
to the basic spin supermodule L„ (with character is the n-th supersymmetric 
algebra Q''{V\V) = ©f^o-^'^ ® A"-*y, and thus c/i(^") = Er=o^ien-i = Qn (cf. 
Ex. 6(c), pp261, [M]), which is exactly the Schur Q-function Q(„). Here hr and e^, 
which stand for the r-th elementary and complete symmetric function respectively, 
are the traces of diag(xi, . . . , Xm) on S'^V and Iv^V . One can easily show by using 
the Probenius reciprocity that ch : R~{Hn) — > A is an algebra homomorphism. 
The image of ch contains Q'^ as we have just seen that it contains qn for all n. 
By comparing the dimensions, the characteristic map ch : R~ — > Qc is indeed an 
isomorphism. 

There is another way to define the characteristic map as follows (cf. [Jo2, 
Ser]). Denote by p„ the n-th power sum symmetric functions, and define = 
PmiPm2 • • • for a partition fi = (/xi, /i2, • . .). Given a character x £ R-~, we define the 
characteristic map ch' : R~ —>■ flc by 

where 2;^ = Hoi i^'rriil for /i = (^imi^ms ^^^^ -^.-^^ character value at the even 
split conjugacy class -0^0- It is known [Jo2] that ch' is an algebra isomorphism 
and it sends ^" to g„ for all n. Thus ch' coincides with the characteristic map ch 
we defined above. 

4.2 K-theory operations 

Let G is a finite supergroup with G = G/{l,z), and let X be a trivial G-space 
(and thus G-space). Given a G-supermodule V in R^iG) and a complex vector 
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bundle E on X , E ®V can be given a natural G-equivariant vector superbundle 
structure over X by letting G act on only the factor V. Obviously E ^ V lies in 
the category Cg(X). In this way we obtain a map R^{G) ® K{X) — > K^{X). 
Then we have the following (compare [Segl]). 

Proposition 4.1 Under the above setup, there is a canonical isomorphism 

Kz(X)^K{X)^R-{G). 

One needs some extra care to define the inverse of the isomorphism in the 
above proposition. Given a G-supermodule V in R^iG) and a complex vector 
bundle E onX, consider HomG(V, E) , where V is the trivial G-super bundle over X 
associated to V. Hom(3(V, E) is isomorphic to E iiV is of type M, but isomorphic 
to E®Ci — E\E\iV is of type Q, where Ci is the Chfford algebra in one variable. It 
is perhaps more natural to replace K[X) in the proposition above by an isomorphic 
space K^^{X), ci. Remark 3.1. 

Below we will construct various X-theory operations based on the construction 
in the previous subsection. It is a super analog of an approach due to Atiyah [At] 
who used the symmetric group representations. 

Let E he a, vector bundle over X, consider the n-th tensor power {E\E)®"' of 
the vector superbundle E\E. The odd operator P (P^ = —1) acts on each factor 
E\E fiberwise and induces an action of the finite supergroup n„ on [E\E)®'^. The 
symmetric group Sn also acts on in a natural way. The joint action of n„ 

and Sn then gives rise to an action of the finite supergroup Hn on {E\E)®'^. We 
have the following decomposition 

TT 

where tt is a strict partition of n, and t^{E) = (T'^ ® (ElE)^"^)^" is a vector bundle 
on X. Clearly one can extend the definition of the vector bundle 7r{E) associated 
to any spin supermodule tt of Hn so that it is additive on tt. In this way we obtain 
a ring homomorphism j~ : R~ — > Op(7^), where R~ — 0„i?~"(if„) and Op(ir) is 
the ring of i^-theory operations on K{X) (cf. [At]). 

We note that if tt is the one-part partition (n) then ti^E) is the nth supersym- 
metric power Q": 

n 

Q''{E\E)^Y,S'E®M^-'E. (8) 

For odd n, we denote by -0" the operation corresponding to the class function 
an G R~{Hn) which takes value n in the even split conjugacy class of type ((n), 0) 
and zero elsewhere. Denote by Qt{E) = J2^=oQ"'{E\E)t", where i is a formal 
variable. 
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Proposition 4.2 The operation ip^ (r odd) coincides with the usual rth Adams 
operation. In particular it is additive. Furthermore, we have 



g,(E)=exp Y W{E)f/r\. (9) 

\r>0, odd I 

Proof. We first prove (9). Since the operations Q^'s and tjj^^s are obtained from 
tlie ring liomomorpliism j~ : R~ — > Op(ii'), we only need to sfiow tfiat tlie cor- 
responding identity fiolds in R~ , or alternatively in Qc- But this is a classical 
identity [M] 

^g„r = exp( 2p.t7H- 

n>0 \r>0, odd / 

Now we denote by at = J2n (^"'t"', A* = J2n Let us denote by i/j'^ the rth 

Adams operations for the time being. It is classical that 



Kr>0 



ME) = e^p{Y{-i)'"'r{E)V/r]. 



\r>0 



We have from (8) that Qt{E) = At{E)at{E) and therefore 



g,(i?)=exp Y W{E)f/r 

\r->0, odd 

Comparing with (9) which we have already established, we have ip"^ = ip^. □ 

It follows that Qt{E + F) = Qt{E)Qt{F) and Qt{E-F) = Qt{E)Q_t{F), where 
E,F & K{X), since the Admas operations are additive. For example, the second 
equation reads componentwise as follows: 

n ^ 

Q-(E-F\E-F) = ^{-lyindf ^~{Q--\E\E)^Q\F\F)). 

1=0 



Remark 4.2 The ring A of symmetric functions is a basic model for (free) A rings, 
and indeed A rings can be defined by axiomizing various properties of natural 
operations on A, where the Adams operations play a crucial role (cf. [Kn]). We 
can define similarly a notion of Q-\ ring with Adams operations of odd degrees 
only, using flc as a basic model. Then what wc have just shown is that K{X) 
admits a Q-X ring structure. We will see the structure of a Q-X ring instead of a 
A ring shows up naturally in some fairly non-trivial setup in Section 5. 
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5 Algebraic structures on (-^) 

In this section, we shall study in detail the X-groups (X") of generalized 

symmetric products for all n simultaneously. 

5.1 Generalized symmetric products 

Our main examples in this paper are as follows. Let F be a finite group and let 
X be a F-space. The n-th Cartesian product is acted by the finite supergroup 
i?F„ = n„ X r„ in a canonical way: n„ acts trivially on X"^; F" acts on 
factorwise while Sn by permutations, and this gives rise to a natural action of the 
wreath product F„ = F** x Sn by letting 

where a = ((g'l, e F„, and e X. Note that orbifolds X^'/Sn 

are often called symmetric products. We may refer to X^^/F^, or X" with Fr- 
action, or rather X" with /JF„-action as generalized symmetric products. 

Our earlier general construction when applied to the generalized symmetric 
products gives us the category C~ (X") and its associated /T-group (X"). 
It turns out this category affords an equivalent description below which affords 
more transparent geometric meaning. 

The wreath product F„ acts on the vector space C" naturally by letting F act 
trivially and Sn act as the permutation representation. This action preserves the 
standard quadratic form on C". We denote by n such a F^j- vector bundle X" x C" 
over X". We denote by C„ the complex Clifford algebra associated to C" and the 
standard quadratic form on it. The action of F„ on C" induces a natural action on 
Cn- We denote by C(n) the associated F„- vector (super) bundle X"^ x C„ on X", 
which is the Clifford module on X" associated to the vector bundle n. 

We introduce the following category Cf^(X"): the objects consist of complex 
vector superbundles E — Eq + Ei on X" equipped with compatible actions of F„ 
and the Chfford algebra C„ associated to C" with the standard quadratic form. 
That is, i? is a Z2-graded C(n)-module and a G-equivariant vector bundle over X" 
such that 

g.{v.i) = {g.v).{g.i), g e Tn^v e n,^ e E. (10) 

Given two superbundles E, F in Cq{X"-), the space of {G, C(n))-equivariant homo- 
morphisms of vector superbundles admits a natural Z2-gradation. Since the twisted 

group algebra of n„ is isomorphic to the Clifford algebra C„, the category Cq{Y) is 
then obviously equivalent to the category C~ (X"), and so are the corresponding 
i^-groups. 

When X is a point, K~ [pt) = K~'^ {pt) reduces to the Grothendieck group 
R^{HTn) of the spin supermodules of HTn- 
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Remark 5.1 We may replace the rank n vector bundle n over above by the 
nth direct sum of a non-trivial line bundle endowed with a quadratic form, and 
modify the construction of the category accordingly. We conjecture that 

the resulting X-group is isomorphic to K~ (X"). 

Remark 5.2 We may reverse the above consideration in a more general setup as 
below. Take a G-space Y and a G-superbundlc C(n) over Y whose fiber is the 
Clifford algebra in n variables. Assume that there exists n sections of the 

superbundle C(n) which fiberwise generate the Clifford algebra and G permutes 
oi, . . . , a„. It is of interest in algebraic topology (cf. Karoubi [Ka]) to study the 
category Cq{Y) of G-equivariant vector superbundles over Y which are compatible 
with the the Clifford module structure in the sense of (10) and study its associated 
K-gToup. Then we may form the finite supergroup n„ x G and reinterpret the 
category Cq{Y) as the category and then apply Theorem 3.2 to the 

study of the associated X-group. In particular if we take Y — X" and G — Tn for 
a F-space X, we recover our main examples of generalized symmetric products. 



5.2 Hopf algebra J^r (X) 

Let H be a Z2-gradcd subgroup of a finite supergroup G with the same distinguished 
even element z, and let X be a G-space X which is regarded as a G-space, where 
G = G/{l,z). we can define the restriction map Res^ : K~^{X) — > Kh{X) and 
the induction map Ind'^ : Kjj(X) — >■ K'^(X) in the same way as in the usual 
equivariant iT-theory. When it is clear from the text, we will often abbreviate 
Res'fj as Resn or Res. Similar remarks apply to the induction map. 
Now we introduce the direct sum of equivariant i^-groups 

n>0 " n>0 

where HTq is the one-element group by convention, and t is a formal variable 
counting the graded structure of T^iX). We also set 

^imtT^{X) = ^rdim^~ (X"). 

We define a multiplication • on the space T^i^) by a composition of the in- 
duction map and the Kiinneth isomorphism k: 

K~ (X'^)(g)^~ {X'^)^K~ ^~ {X''+"')^K~ (X'^+'"). (11) 



I- n+m 



We denote by 1 the unit in Kj^^ (X^) which can be identified with C. 
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On the other hand we can define a comultipUcation A on jFp (X) to be a 
composition of ^e inverse of the Kiinneth isomorphism and the restriction from 

HFn to HrmXHTn-m- 

m=U m=U 

We define the counit e : (^) — C by sending (X") (n > 0) to and 

leKz^^{X^)^Cto 1. 

Theorem 5.1 H^ii/i various operations defined as above, T-f{X) is a graded Hopf 
algebra. 

The proof is the same as the proof of the Hopf algebra structure on a direct sum 
of equivariant i^-groups ^nKrA-^"') [Wl], where a straightforward generahzation 
to the equivariant fC-groups of the Mackey's theorem plays a key role. One easily 
checks the super version of the Mackey's theorem can be carried over to our K- 
group setup. In the case when X is a point and thus K~i„ (X") = R^{HTn), the 
Hopf algebra structure above is also treated in [ JW] . 

5.3 Description of the algebra jTp (X) 

Take an even split element a = (7, cr) in HTn of type p = (p+,0), where g = 
(S'l, • • • ,5'n), 9i = e r X Z2, and p+ = (m+(c))^,c e OP„(rj. We define 

a — ((ai, • • • , «„), (t) e r„ = F" X S'n. Since the subgroup n„ < HTn acts on X" 
trivially, the orbit space (X^)"' /ZHr„{ci) is identified with {X"')"' / Zr„(a) which has 
been calculated earlier in Lemmas 4 and 5 of [Wl]. We make a convention here to 
denote the centralizer Zc{g) (resp. X^, X^/Zaig)) by Zg{c) (resp. X*^, X'^/Zg{c)) 
by abuse of notations when the choice of a representative in a conjugacy class c 
of a group G is irrelevant. For a fixed c e F*, recall that {n e 2Z+ + 1) is the 
even split conjugacy class in HTn of the type (/)"'", 0), where the partition- valued 
function p"*" takes value the one-part partition (n) at c e F* and zero elsewhere. 

Lemma 5.1 Let a e i?F„ be an even split element of type p — {p'^,^), where 
p+ = (m+(c)),.>i,cGr* e OVn{^*)- Then the orbit space (X")"/ZHr„(a) can be 
naturally identified with 

r,c 

where S"\-) denotes the m-th symmetric product. In particular, the orbit space 
(^X'^)'^ / ZHTni^n) can be naturally identified with X^/Zy{c). 

In view of Lemma 2.1, let us recall how we have classified the split conjugacy 
classes of HTn in Theorem 1.2 of [JW]. In order to show that a given element 
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a in HTn is non-split, an explicit element, say b, is constructed in the centralizer 
ZHrn{(i) such that the character takes value —1 at b. This was achieved in [JW] 
case by case. On the other hand, we observe that in all cases the element b fixes 
{X'^)"- pointwise! In other words, we have the following. 

Lemma 5.2 The HVn-space satisfies the strong vanishing property. 

We now give an explicit description of T^i-^) = ®n>oK.?}r i-^"') ^ graded 
algebra. 

Theorem 5.2 As a (Z_|_ x I,2)-graded algebra jFp (X, t) is isomorphic to the super- 
symmetric algebra S t'^^~^K-p(X)) . In particular, we have 

aiUitJ-r [^) - j-joo^(^^ _^2r-l)dimX«(X)• 
HcrC the supersymmetric algebra is equal to the tensor product of the symmetric 
algebra S {®Zit^'~^Kr{^)) and the exterior algebra A (©^i t^""^^r(^))- 

Proof. Take an even split element a G HTn of type p = (p"'",0), where p"*" = 
(m^(c))r>i,cer, G Vn(r*)- By Lemma 5.1 and the Kiinneth formula, we have 



ceTt,r>l odd 



m^(c) 



mxr/ZHrM) - (8) ({Kixr^^^^f^''-'' 

S'^'^^'^{K{X''lZv{c))). (13) 



cer*,r>l odd 



We now calculate as follows. The statement concerning dim^ [X^ follows 
from this immediately. 

n>0 [a]e(ifr„)|"- 

by Theorem 3.2 and Lemma 5.2, 

n>0{m+(c)}c,T-eOPn(r.) c,rodd 

by (13) and Theorem 2.1, 
= (8) 5"^^^'U^''K(^7^r(c))) 

{m+(c)}c,reOP(r,)c,rodd 

= (8) 5"- ( 0t''K(^7^r(c))) where m, = Ec<(c), 
= (8) 5"*'"(^''^r(^)) by Theorem 3.1, 

{mr}r odd 



/ oo 



S\^t^^-^K^{X) 



\r=\ 
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□ 

Recall that the orbifold Euler number e(X, F) was introduced by Dixon, Harvey, 
Vafa and Witten [DHVW] in the study of orbifold string theory. It is subsequently 
interpreted as the Euler number of the equivariant i^-group Kr{X), cf. e.g. [AS]. 
If we define the Euler number of the generalized symmetric product to be the 
difference 

ni n til n 

then we obtain the following corollary. 

Corollary 5.1 The Euler number e(X", HTn) is given by the following generating 
function: 

oo oo 
n=0 r=l 

In the case when X is a point, we obtain the following corollary (also cf. [JW]). 
CoroIIciry 5.2 When X is a point and thus (X) = , we have 

oo 

n>0 r=l 

5.4 Twisted vertex operators and .Ff (X) 

In the following, we will define various X-theory maps appearing in the following 
diagram (n odd): 

^r(^) ^ K~^^{X) ^ K-g^^{X-) 

^ K{{X-Y/ZnvM) 

pr 

? 0X((X")-/Z^r„(cn)) (14) 

cGr. 



^ ^K{X'^/Zr{c))^Kr{X). 
cer* 

Noting that HT i = F x Hi, we have a canonical isomorphism, denoted by K, 
from Ky{X) to [X) given by £" h- E\E. Given a F-equivariant vector bundle 

V , consider the n-th outer tensor product (K|K)^" which is a vector superbundle 
over X'^. The odd operator P acting on each factor V\V induces an action of the 
finite supergroup n„ on (V|y)^" while the wreath product F„ acts on (V^|y)^" by 
letting 

{{gU . . . ■,gn)-,s).Ui® . . .®Un = giUg-i^i) ® . . . ® gnUs-^{n) (15) 
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where (71, . . . , G F, s G and Ui & V\V,i = 1, . . . ,n. It is easy to check the com- 
bined action gives rise to an action of the finite supergroup HTn on and 
endowed with such an HTn action is an i^T„-equivariant vector super- 
bundle over X". On the other hand we can define an HTn action on V^^ ® (C^^^)^'^ 
as follows: r„ acts on the first factor V^"' only while n„ acts only on the second 
factor (C^'"*^)^"; the symmetric group Sn acts diagonally. One can check that the 
combined action gives V^"' <^ (^^ilij^n ^j^e structure of an ifF-equivariant vector 
superbundle over X". We easily see that is canonically isomorphic to 

(8) (C^l^)^" as a ifr„-equivariant superbundle. 

Remark 5.3 Note that the above (c^li)^" is precisely the basic i/r„-supcrmodule 
Ln- In general for a given ifr^j-supermodule M with character x, we can define 
an ifr„-equivariant superbundle structure on V^"' <S> M when replacing L„ above 
by M. We will write the corresponding element in i^^) as V^'^ -k x- This 
defines an additive map from -R(r„) to Kz (X") by sending x to V^'^ -k x- 

Sending V\V to (ylV)^" gives rise to the K-theory map Kn. More explicitly, 
given V, W two F-equi variant vector bundles on X, we use V itself to denote the 
corresponding element in Kr{X) by abuse of notation. Then 

n ^ 

^v\v - w\wf- = ^(-lyindf^- s {W\Wf^) . (16) 

Here (X^y)^("-^) and (Ty|VI/)^J' carry the standard actions of HVn-j and respec- 
tively HTj. The map 0„ is the isomorphism in Theorem 3.2 given by the sum- 
mation Z]p+GO-p„(r,)(0n)p+ over the even split conjugacy classes of HVn of type 
(p+, 0) when applying to the case X" with the action of HVn- The map pr is the 
projection to the direct sum over the even split conjugacy classes c„ of HVn while 
i denotes the inclusion map. The map d denotes the natural identification given 
by Lemma 5.1. Finally the last map is the isomorphism given in Theorem 3.1. 
We introduce in addition the following X-theory operations. 

Definition 5.1 For n G 2Z+ -|- 1, we define the following K-theory operations as 
composition maps: 



ch„ 



= 710 ^ o i?opr o 0„ o o K : iCr(-^) — ^ K.v{X), 
= o i o pr o 0„ o : K-^^ {X) K~^^ (X") , 

= r'o^opro<f>^:K~^^{X^)^K^{X), 



Recall that the notation ip^ (n odd) was used in Section 4 to denote the nth 
Adams operation. We shall see the ijj^ defined here for F trivial coincides with the 
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nth Adams operation tensored with C. This is why we have chosen to use the same 
notation. We hst some properties of these K-theory maps which follows directly 
from defintions. 

Proposition 5.1 The following identities hold: 

Chn OWn = I\k^{X), OT^ O = O c/i„ O O K = if)'^ ^ 

where I\kj,{x) denotes the identity operator on KyIX). 

Lemma 5.3 Both ip"- and (/?"■ (n odd) are additive K-theory maps. In particular, 
for r trivial, the operation ip"' given in the definition 5.1 coincides with the nth 
Adams operations on K(X). 

Proof. We sketch a proof. By definition Wn is additive and K is an isomorphism. 
Thanks to the equality Wn o = o K by Proposition 5.1, to show that 93" is 
additive, it suffices to check that ■0" is additive. This can be proved in a parallel 
way by using (16) as Atiyah [At] proves the additivity of the Adams operations 
defined in terms of symmetric groups. 

Now we set r = {1} and consider the diagonal embedding A„ : X X^ ^ 
X". Since if„ acts on X^ trivially, it follows by Proposition 4.1 that K_~ {X) = 

K.{X) (8) R~{Hn). We have the following commutative diagram (n odd): 



K{X) 

o M; I \ (g)n o K 

K~iXn ^ K-~iX) ^ K{X)®R-{H^) 

Tin rirL 

o 0„ II i L II pro(j)^ / ev 



k{x^ 



K{X) 



where 0^ is the analog of 0„ when X" is replaced by the diagonal X, and the 
evaluation map ev is defined to be the character value at the conjugacy class of 
type ((n),0). The map from K.{X) to itself obtained along the left-bottom route 
in the above diagram coincides with -ip"' given in Definition 5.1. The map from 
K.{X) to itself obtained along the top-right route in the above diagram gives ^ 
times the n-th Adams operation. This of course gives another proof that both t/j'^ 
and </?"■ are additive when F is trivial. □ 



Remeirk 5.4 Tf{X) is a Q-X ring with {n odd) as the nth Adams operation. 
If X is a point and thus T^{pt) = i?f , then our result reduces to the fact that 
T^ipt) is a free Q-\ ring generated by F*. In particular when F is trivial this is 
isomorphic to the model Q-\ ring Vt^- 
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Denote by J-'y{X) the completion of jFp (X, t) which allows formal infinite sums. 
Given V e K_-p{X), we introduce Q{V,t) e ^ri^) follows: 

Q(v,t)^^r{v\vf\ (17) 

n>0 

The following lemma is immediate by Definition 5.1 and Remark 5.3. 
Lemma 5.4 Given V e K_y{X), we have (for r odd) 

Proposition 5.2 Given V e K_y{X), we can express Q{V,t) as follows: 
Q{y,t) = exp( ^ Vo W)- 

\r>0 odd ^ j 

Here the right-hand side is understood in terms of the algebra structure on (X). 
Proof. By (3) and the above lemma, we have 

Q{v,t) = 0r(y^-*r) 

n>0 

n>0 \p60P„(r,) 

- E </>;^(0n).(2'(^)z;iry^"*aO 

n>0peOV„{T^) 



= expl 5: -fEC-V.-^(0r)c.(V^^'-^a.(c)) 



\.r>l odd ^ cer* 



exp I -^^^ ° ^(^) 

^r>l odd ^ 



□ 



Combining with the additivity of ip'^, the proposition implies 
CoroUeiry 5.3 The following equations hold for V,W E Kq{X): 

Q{V@W,t) = Q{V,t)Q{W,t) 
Q{-V,t) = Q{V,-t). 
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Remark 5.5 The generating function Q{V, t) is essentially half the twisted vertex 
operator, and the other half can be obtained by the adjoint operator to Q{V,t). 
Twisted vertex operators have played an important role in the representation the- 
ory of infinite dimensional Lie algebras and the moonshine module, cf. [FLM]. 
When X is a point, we can develop the picture more completely (cf. [JW]) to 
provide a group theoretic realization of vertex representations of twisted afiine and 
twisted toroidal Lie algebras (also compare [FJW2] for a different construction). 

5.5 Twisted Heisenberg algebra and (X) 

We see from Theorem 5.2 that J-'f{X) has the same size of the tensor product 
of the Fock space of an infinite-dimensional twisted Heisenberg algebra of rank 
dimK^{X) and that of an infinite-dimensional twisted Clifford algebra of rank 
dim Kq{X). In this section we will actually construct such a Heisenberg/ Chfford 
algebra, which we will simply refer to as a twisted Heisenberg (super) algebra from 
now on. 

The dual of K_-p{X), denoted by K_-p{X)*, is naturally Z2-graded as identified 
with K^{X)* ® Kl{X)* . Denote by (•, •) the pairing between K^{Xy and ^r(^)- 
For any m e 2Z+ -|- 1 and rj e Xp(X)*, we define an additive map 

a-miv) ■■ KgAX-) Ka^_jX--n (18) 

as the composition 

chrr^i Xr(X)(g)X^r (X"-"^)^X~ (X"-"^). 

n — m HY'ri-m, 

On the other hand, we define for any m e 2Z_|_ -|- 1 and V e Kj-{X) an additive 
map 

am{V) : K-~ {X") K~ (X^) (19) 

-tJ n—m -L n 

as the composition 

K~ ^~ (X'')^K~ (X"). 

Let H. be the linear span of the operators a-m{ji),am{V),m e 2Z_|_ -|- 1, e 
K_Y{Xy, V e K_y{X). Clearly Ti. admits a natural Z2-gradation induced from that 
on K_y{X) and K_y{X)* . Below we shall use [— , — ] to denote the supercommutator 
as well. It is understood that [a, h] is the ant i- commutator ah -\- ha when a,h & 7i 
are both odd elements according to the Z2-gradation. 
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Theorem 5.3 When acting on satisfies the twisted Heisenberg su- 

peralgebra commutation relations, namely for m,l G 2Z+ + 1, 77,77' G Kjp{X)*, 
V,W e Kr{X), we have 

[aUW),ai{V)] = 0, 
[a_m{v),a-iiv')] = 0. 

Furthermore, [X^ is an irreducible representation of the twisted Heisenberg su- 
peralgebra. 

Remcirk 5.6 The proof of the Heisenberg algebra commutation relation can be 
given in a parallel way as the one for Theorem 4, [Wl]. The irreducibility of 
JF]T(X) as module over the Heisenberg algebra follows from Theorem 5.2. Given 
a bilinear form on K_{X), then we can get rid of K_{X)* in the formulation of the 
above theorem. In the special case when X is a point, the Heisenberg algebra here 
specializes to the one given in [JW] acting on R^. In the case when F is a finite 
subgroup of (C), we may consider further the space which is the tensor product 
of J-'f{pt) with a module of a certain 2-group which can be constructed out of F, 
and realize in this way a vertex representation of a twisted affine and a twisted 
toroidal Lie algebra. This is treated in [JW] in detail. 



6 Appendix: Another formulation using Sn and 



n 



As is well known (cf. e.g. [Sc, J, Jo, HH]), the symmetric group Sn has a double 



cover Sn- 



1 > Z2 > Sn — ^ Sn > 1, 

generated by z and ti,i — 1, • • ■ ,n — 1 and subject to the relations: 

^ (titi+i)^ ^ z, titj = ztjti {i > j + 1), zti^tiZ. 

The map 6n sends tj's to the simple reflections Sj's in Sn- The group Sn carries a 
natural Z2 grading by letting tj's be odd and z be even. 

Given a finite group F, the symmetric group Sn acts on the product group F**, 
and the group Sn acts on F" via On- Thus we can form a semi-direct product 
r„ := F'^ xe„ Sn, which carries a natural finite supergroup structure by letting 
elements in F" be even, cf. [FJW2]. We still denote by 9n the quotient map 

fn fn/{l,z) = Tn- 
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Given a F-space X, we have seen X" affords a natural r„ action. Then we can 
apply the general construction in Sect. 3.2 to construct the category (X") and 

its associated K-group K~ (X"). As before, we denote Kp (X") = K~ (X") ® C. 
We then form the direct sum 

oo 

n=0 
oo 

n=0 

When X is a point, X~ (pi) reduces to the Grothendieck group it!~(f„) of spin 

An 

supermodules of Sn, and S^F(pi) has been studied in detail in [FJW2]. The purpose 
of the Appendix is to outline how to modify the various constructions of algebraic 
structures on (X) for the new space (X). As the constructions are very 
similar to the JF]T(X) case, we will be rather sketchy. 

Given n, m > 0, we can define a Z2-graded subgroup r^xF^ of Vn+rm in a way 
analogous to (4). Then the obvious analog of constructions (11) and (12) defines a 
multiplication and comultiplication on the space S^p (X). The following is an analog 
of Theorem 5.1 and it generalizes Theorem 3.8 of [FJW2] which is our special case 
when X is a point. 

Theorem 6.1 The space S']p(X) carries a natural H op f algebra structure. 

By the analysis of the split conjugacy classes given in the proof of Theorem 
2.5 of [FJW2], we see that the F„-space X" satisfies the strong vanishing property, 
and the analog of Lemma 5.1 holds. Therefore we obtain the following theorem 
which is an analog of Theorem 5.2. 

Theorem 6.2 As a (Z_|_ x Z2)-graded algebra S'p(X, i) is isomorphic to the super- 
symmetric algebra S (0J^i t'^'"~^K_-p{X)). 

Except the first two terms and the first two arrows in the diagram (14), the 
rest of the diagram has a direct analog for K~ (X"). Note in the definition of the 
X-theory maps c/i„ and (see Definition 5.1) only the part of the diagram (14) 
which can be directly generalized to the K~ (X") setup has been used. Therefore 
analog of c/i„ and Wn can be defined in our new setup. This guarantees the analog 
of annihilation operators (18) and the creation operators (19) can be defined in our 
new setup. In this way we obtain the following which is an analog of Theorem 5.3. 

Theorem 6.3 The space ^^{X) ajfords an action of the twisted Heisenberg algebra 
Ti in terms of natural additive K-theory maps. Furthermore this representation is 
irreducible. 
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We remark that it is much less natm^al to use S'„ to construct various K- 
theory operations on K{X) as done in Sect. 4 using a double cover Hn of the 
hyperoctahedral group. 

The connection between jFj7(X) and the Q-\ ring in Sect. 5.4 does carry over 
to our new setup. Keeping Remark 5.3 in mind and knowing that iS„ also has a 
so-called basic spin supermodule (cf. e.g. [Jo, FJW2]), we can use it to define 
the analog of (17). Indeed this also defines an analog of the map Kl" o ^1; (of. the 
diagram (14)), and thus an analog of o ^1;. Therefore, we have an analog of 
Proposition 5.2 in our new setup which generalizes Proposition 6.2 in [FJW2]. 
However there is an unpleasant square root of 2 in the formula which originates in 
the spin representation theory of Sn and F^. This is another reason why we have 
preferred the formulation in the main body of the paper using Hn and HVn- 

One may wonder that why K~ , (X*^^) and K~ (X") arc so similar to each other 

and there are almost parallel constructions on Ty{X) and 5'p(X). When X is a 
point and thus the i^-groups reduces to the corresponding Grothendieck groups 
of spin supermodules, this has been noticed by various different authors (cf. e.g. 
[Ser, Jo2, Naz, Y, FJW2] and the references therein). Yamaguchi [Y] explains 
clearly such a phenomenon by establishing an isomorphism between the group 
superalgebra C[iJ„]/(2; = —1) and the (Z2-graded) tensor product of the group 
superalgebra C[Sn\/ {z = —1) with the complex Clifford algebra Cn of n variables 
(this is not the same copy of C^associated to the subgroup n„ in Hnl). It follows 
that the group superalgebra C[i/F„]/(2; = — 1) is isomorphic to the tensor product 
of the group superalgebra C[F„]/(2; = —1) with Cn- Note that a^lifford algebra 
admits a unique irreducible supermodule. As this Cn acts on an iJF^-bundle over 
X" fiberwise, this isomorphism provides a direct isomorphism between (-^") 

and K~ (X"). 

We can also forget about the Z2-gradings (i.e. the super structures) in the 
group r„, in the construction of the category C~ {X'") and its associated K -group 

K~ (X"). Let us denote the resulting new X-group by K~ (X"). In particular 

when X is a point and F is trivial, this reduces to the Grothendick group W{tn) 
of spin (not super) modules of Sn where z still acts as —1. We can then apply the 
decomposition theorem of Adcm-Ruan [AR] to calculate K~ (X") ® C in terms of 

K-p[X) ® C. The difference here from the calculations in Theorem 5.2 and Theo- 
rem 6.2 is that the odd split conjugacy classes of r„ will also make contributions. 
Recall that the orbifold Euler number e(X, F) defined in [DHVW] is the same as the 
Euler number of the equivariant X-theory Ky{X). Using the description of even 
and odd split conjugacy classes of F„ (cf. [FJW2], Theorem 2.5), we can obtain 
the Euler number of K~ (X"), denoted by e*(X'^,F„), in terms of the following 
generating function (compare Corollary 5.1): 
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J|(l_i2r-l)-e(X,r) 
r=l 

oo 
r=l 

1 / oo oo \ 

1 n(i + e^ym - n(i - e^Y^'"'^^ . 

2 Vr-=1 r=l / 

The second summand in the right-hand side of the above equation counts the 
contributions from odd split conjugacy classes. When we set X to be a point and 
r trivial (and thus e(X, F) = 1), this formula reduces to the classical generating 
function for the spin Grothendick group W{Sn) (cf. Theorem 3.6, [Jo], pp. 213; 
Corollary 3.10, [HH], pp. 32). We remark that due to some inaccurate analysis 
of split conjugacy classes of the formula (6.10) given in [Di] (even in the case 
when r is trivial and X is a point) is incompatible with this classical statement. 
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